Abstract-The radiative transfer equation in a planar-stratified atmosphere with multiple scattering is solved by numerically integrating an ensemble of trial functions which are constructed so as to satisfy the boundary conditions (downward-propagating radiances) at the top of the atmosphere. The boundary conditions at the surface (reflection or scattering) are imposed after integration through the atmosphere. Opaque atmospheres constitute a special case of the latter boundary condition. The algorithm is very efficient because it requires solution, only once, of a set of linear equations of rank equal to half the number of radiation streams.
I. INTRODUCTION
This short communication is concerned with radiative transfer in a nondense medium, i.e., one in which the scattering centers are separated by distances large compared to a wavelength; hence, the scattering is incoherent. Some examples are propagation of microwaves through rain, or of infrared and visible waves through clouds. Although there are numerous methods (e.g., see [1] and [2] ) for solution of the radiative transfer problem in atmospheres with multiple scattering, the fact that many different approaches are in use shows that none is clearly superior in all situations. The method described here is well suited to calculation of upward-propagating radiances (as distinguished from a near-limb observation). Fortran and Matlab codes are available from the author on request. Not considered here is the problem of calculating single-scattering coefficients and phase functions within the medium. That subject is treated in [3] - [6] .
II. METHOD

A. Formulation of the Problem
For the purpose of illustration, it will be sufficient to consider a relatively simple radiative transfer problem as in Fig. 1 , of a plane-parallel Manuscript received September 5, 2001 ; revised February 7, 2002 atmosphere with a thermal source function, in local thermodynamic equilibrium, where the radiance I is independent of the azimuthal coordinate , and the phase function is scalar, i.e., there is no mixing of polarizations. By choosing suitable points i, i = 1; . . . ; 2N , spanning the interval [1; 01] (typically with (2N +10i) = 0 i ) for the polar coordinate = cos , where is the angle from the +z direction, the equation of radiative transfer (e.g., [7] ) can be written, for a particular polarization, as
Here, Ii(z) is the monochromatic radiance at frequency , propagating in the direction i at the vertical coordinate z, k a (z) is the absorption coefficient; ks(z) is the scattering coefficient; ke(z) = ka(z) + ks(z) is the extinction coefficient; B(T ) is Planck's function (at frequency ) of temperature T ; and pij(z) = w j 
where p (z; i ; ; j ; 0 ) is the normalized phase function which specifies the relative intensity of radiation scattered from a wave propagating in direction (j; 0 ) into the direction (i; ), and wj is a quadrature weight. The normalization ofp is such that each of its rows sums to unity. When the Rayleigh-Jeans approximation applies (microwave frequencies) one can replace B(T ) with T , and I with brightness temperature T B .
Equation (1) is a system of 2N coupled first-order differential equations, and it is well known that the solution ensemble of such equations can be expressed in its most general form as
where 9 i (z) are any set of particular solutions to (1), the c k are arbitrary constants, and 9 ik (z) represent a nonsingular ensemble of functions that are solutions to the homogeneous system of equations id8 ik (z) where ij is the surface reflection coefficient for scattering of the specified polarization from downward direction j into upward direction i , and T s is the surface temperature. For a specular surface, (5a) simplifies to
where Ri is the surface reflectivity for angle i.
B. Solution
The key step here is to restrict the solution space at the outset to those solutions that match the downward-propagating radiances at the top of the atmosphere, while retaining enough (N) degrees of freedom to later apply the surface boundary conditions. Hence, the number of where ik is the Kronecker delta. When (6a)-(6d) are substituted into (3), the upward-propagating radiances at the top of the atmosphere are seen to be equal to the (as yet undetermined) coefficients ci, i = 1; ...;N.
Using (6a)-(6d), the radiative transfer solution proceeds as in an initial-value problem; in this sense, it could be called an initial-value method. Starting with the values in (6a)-(6d), (1) for d9 i (z)=dz and (4) for d8 ik (z)=dz are integrated downward through the atmosphere, the latter separately for each index k = 1; ...;N. For numerical integration, T (z), k s (z), k a (z), andp(z) must be specified for a sufficient number of atmospheric layers to resolve the vertical structure of the temperature and transmittance profiles. These layers will be treated as homogeneous. Then each layer is further divided into sublayers whose opacity at the most oblique angle of propagation is not larger than a value " which is small compared to unity; thus, the number of sublayers within a layer of thickness 1z will be
where k e is the average extinction coefficient for the layer. The computations described in Section III use " = 0:1. layer. A centered-difference integration has also been tested, but did not give notably more accurate results than (8a) or (8b). The explanation for this insensitivity to the integration method probably lies in the fact that thermal emission at the top of an atmosphere comes mostly from the first neper of optical depth, over which (8a) or (8b) are accurate. If (8a) and (8b) are applied recursively until the surface is reached, then application of the boundary condition (5a) yields a set of equations Note that (9a) or (9b) may be applied for different surface reflection cases, without recomputation of the atmospheric integration. However, if the atmosphere's opacity is high, then it is neither necessary nor desirable to carry the numerical integration all the way to the surface. When this opacity condition is met at a level z1, then one can treat the atmosphere below this level as a black body at the temperature T (z 1 ) and apply a boundary condition with R i = 0 Experience has shown that a practical test for the validity of (9c) is
where g(z) is the asymmetry factor, i.e., one-third times the first-order coefficient in a spherical harmonic expansion of p(z; ; ; 0 ; 0 ). The expression inside the integral represents the sum of absorption and backward-directed scattering. The rationale for (10), instead of the integral of the extinction coefficient, is that forward-scattering has less effect on the radiances than backward-directed scattering.
C. Discussion
The initial-value algorithm described above is similar in its formulation to the finite-difference algorithm described in [1, pp. 48-51]; however, the latter method retains all of the radiances at each level of the atmosphere in its equations, which consequently involve much larger matrices. The present algorithm has two basic parts: numerical integration (8) and solution of the surface boundary condition (9) . The first involves a matrix multiplication; hence, the required computation scales as DN 3 where D is the number of atmospheric sublayers for which (8) is applied. The second part requires solution of a linear system of equations of order N , which scales asymptotically as N 3 in computation time. The scaling with respect to the number of angular points N is, therefore, the same as for the finite-difference and the adding-doubling algorithms [1] , but the smaller matrices involved would appear to give this algorithm a computational advantage. Flatau and Stephens [8] show that the general solution of (1) can be expressed in terms of a propagator matrix. In the case of a homogeneous cloud, the propagator matrix is equal to the exponential of a matrix containing the single-scattering coefficients. The numerical integration over depth in (8a) and (8b) is an approximation that approaches equivalence to the exact propagator in the limit of infinitesimal sublayers. When finite sublayers are used, the c k obtained by solving (9a), (9b), or (9c) can be regarded as the solution to a problem that involves a propagator similar to, but slightly different from, the true one for the radiative transfer problem. The numerical stability of this solution is related to the condition number of the matrix multiplying c k on the left side of (9a), (9b), or (9c). Successive integration steps (8a) and (8b) tend to lower this condition number; hence, it is advantageous to halt the integration as soon as (9c) can be applied (if the surface is not reached first). Using double-precision arithmetic (approximately 15 decimal digits), results that are stable with respect to variation of reflectivity have been obtained with condition numbers as small as 10 011 .
III. TEST OF ACCURACY
A test of this algorithm was carried out using datasets provided for the intercomparison exercise described in [9] . For this intercomparison of radiative transfer codes, extinction and scattering coefficients and the asymmetry factor g were given in 41 atmospheric layers, for four different examples of precipitation-particle profiles. It was specified that the phase function was to be computed from the asymmetry factor by using the Henyey-Greenstein approximation [11] . Further details are given in [9] , but briefly, the profiles were characterized as follows: 1) low water, low ice content; 2) low water, high ice content; 3) high water, low ice content; 4) high water, high ice content.
Brightness temperatures were to be computed at several microwave frequencies between 10-85 GHz, for surface reflectivities of 0.15 and 0.6 and incidence angles of 0 and 53 . Thus, the exercise includes scattering situations ranging from low to high opacity and low asymmetry to highly forward-directed scattering.
Using the coefficients provided for the exercise, calculations have been carried out using 14 radiation streams at angles of = 0, 13 , 27 , 40 , 53 , 63 , and 73 upward and downward from vertical, with weights wj equal to the interval of cos associated with the jth radiation stream. Equations (9b) or (9c) were solved using LINPACK Gaussian-elimination routines. The smallest matrix condition number encountered was 3 2 10 011 . corresponding output prepared for the intercomparison exercise in [9, model #9], [10] using an 18-stream version of the adding-doubling matrix algorithm described in [12] . Satisfactory agreement is seen: the largest difference between the two algorithms is 1.9 K, which occurs for the case of strongest scattering, profile 4 at 85.5 GHz. For this last case, a discrete-ordinate algorithm [13] with 16 streams yielded a brightness temperature of 183.1 K (a difference of 0.9 K). Differences of this magnitude are typical of those found between different multistream algorithms in the intercomparison [9] , while two-stream algorithms yielded less accurate results by several degrees.
Similar agreement (largest 1 = 1:4 K between the initial-value and adding-doubling algorithms) was obtained for the other incidence angle and surface reflectivity values.
IV. CONCLUSIONS
The initial-value approach appears to combine rapid solution of the radiative transfer equation with accurate results. In the formulation given here, azimuthal symmetry and a nonpolarized phase function were assumed. However, those assumptions are not essential. The indices ofp ij (z) could be augmented to include polarization, but of course with a corresponding increase in required computation. Azimuthal dependence could be treated by expansion of the radiative transfer equation in a Fourier series, as discussed in [1, pp. 13-14] ; for active remote sensing, the source function B(T ) would also be replaced by one representing the transmitted beam.
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